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1. INTR~DucTI~N 
In Part I of this paper [I] the general boundary-initial value problem of 
classical elastodynamics was formulated in terms of singular integral equa- 
tions in the Laplace transform space. These integral equations are written 
at the surface of the region and have as unknowns the Laplace transforms 
of the unknown surface tractions and displacements. Part II of this paper 
deals with the techniques necessary for the numerical solution of these 
singular integral equations and with the numerical inversion of the Laplace 
transform. 
The integral equations presented in Part I for solution are Eq. (5.6) for the 
stress-specified boundary value problem, Eq. (5.16) for the displacement- 
specified boundary value problem and Eq. (5.18) for the mixed boundary 
value problem. It was established in Part I that these integral equations may 
be treated as parametric functions to be solved at a sequence of real, positive 
values of the Laplace transform parameter. 
The successful solution of singular integral equations in other areas of 
mechanics has been demonstrated in the recent literature (see Ref. [l]). 
These solution techniques as well as the one used in this paper are made 
practical through the use of the large-core, high speed digital computer. 
Numerical solutions are obtained after a reduction of the integral equations 
to sets of algebraic equations by approximating the unknown surface data 
by piecewise-constant values. These reductions and the subsequent auto- 
matic solution of the algebraic equations by standard matrix operations can be 
done for each term in the sequence of real values of the transform parameter. 
With the Laplace transformed boundary data completely specified, at least 
* This paper is based on a portion of the author’s dissertation submitted in partial 
fulfillment of the requirements of the degree of Doctor of Philosophy at the University 
of Washington, Seattle, Washington. 
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approximately, as a result of these operations, the transformed displacement 
and stress components for any interior point may be generated by the straight- 
forward integration of Eqs. (4.3) and (4.4) of Part I. With all of these trans- 
formed quantities known for a sequence of values of the transform parameter 
their transient behaviors may be obtained by the numerical inversion proce- 
dure discussed in Part I. 
This numerical inversion procedure for the Laplace transform is verified 
for known functions of time. The stress-type boundary value problem is 
solved for surface displacements and interior displacements and stresses. 
The solution for a specific boundary loading is compared to published 
results. The numerical procedure for the solution of the integral equations 
is closely related to that of Rizzo [2], while the procedure for the numerical 
inversion of the Laplace transform is due to Papoulis [3]. The present numer- 
ical work is limited to problems with two spatial dimensions. 
2. NUMERICAL SOLUTION OF THE INTEGRAL EQUATIONS 
Let the surface S of the body R be divided into N segments, AS, of 
arbitrary but small length. Let each segment be identified by its centrally 
located node numbered n or m, where 
1 <n,m<N. 
This surface grid is represented in Fig. 1. 
(2-l) 
FIG. 1. Surface grid. 
Assume that the problem to be solved is of the mixed boundary value kind. 
Boundary value problems of the first or second kind can be taken as special 
cases of this more general problem. Over each segment AS let the 
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unknown transformed displacement or traction vector be taken as constant. 
Then Eq. (5.21) of Part I becomes, 
Q Wm) = c &(Qn) j,, ~c(Qv Pm) dS(Q) 
“u n 
- C %(Qn) 1 %(Q, Pm) WQ;)) + ~Pm). (2.2) 
121 A& 
The integers n, and n, range over the segments of S where the displacements 
and tractions, respectively, have been specified. The vector mj(P,,J can be 
calculated from Eq. (5.22), Part I. 
It is to be remembered that in Eq. (2.2) the singular integrals are in the 
sense of the Cauchy Principle Value when P,,, = Qn . Now define two tensors 
as, 
and 
Then Eq. (2.2) becomes 
(2.3) 
(2.4) 
* ZZj(WZ) = C f{(n) dPji(n, 9?2) - C Z&(n) LlQjZji(n, WZ) + Wj(m). (2-5) 
%A nt 
In the static theory certain simplifications appear in Eq. (2.4) as indicated 
by Rizzo [2]. These do not occur for the transformed dynamic kernels and it 
is therefore expected that these integrals (2.3) and (2.4), will be done numeri- 
cally. When Pm and Q are in the same interval, the approximation will be 
used that dS g sgn(P, Q) dr, where 
c&Q <Pm 
SgW, Q): (2.6) 
>O,Q >Pm 
in a positive transversal along S. Let Pm always be located at the mid-point 
of the surface intervals and it can then be shown that 
i 
Tji(Qz, Pm) dS(Q) s 0. (2.7) 
AS, 
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By using matrix representations the linear algebraic equations appropriate 
to the first and second boundary value problems may be given respectively as 
and 
The appropriate matrix equation for the mixed boundary value problem 
may be easily deduced. These matrix equations may be formulated and 
solved automatically for a solution vector for each real, positive value of the 
transform parameter sequence. These then may be interpreted as a sequence 
of values of the unknown transformed boundary quantities at each node on 
the surface. 
3. NUMERICAL INVERSION OF THE LAPLACE TRANSFORM 
In Part I a method for inverting the Laplace transform of a function to 
obtain the transient behavior of that function is discussed. The inversion 
process requires the values of the transformed function at an infinite sequence 
of points along the real transform parameter axis. The solution of the integral 
equations for known values of the transform parameter was discussed in the 
previous section of this paper. 
In this section it is assumed that the transformed information is known and 
the numerical inversion only will be discussed. The numerical inversion of the 
Laplace transform will be demonstrated by using some known functions of 
time as test examples. 
Let the infinite sequence of points along the real transform parameter axis 
be given as 
& = (2m - 1) b, m = 1, 2,..., (3.1) 
where b is real and b > 0. Let the unknown function f(t) have its known 
transformed values at the sequence of points k, given by 
f,[(2m - 1) b], m = 1, 2 ,... . (3.2) 
If, in Part I, the coefficients of the constants Ci in Eq. (6.13) are represented 
by the matrix [ICI, then Eq. (6.13) can be given in matrix form as 
ww = vcw x WI {wf)h (3.3) 
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where the sequence of k, has been truncated at M points. The terms A, 
are given by the relation 
A,,, = ; 22’“~l’bf’(2m - 1) b], m = l,..., M. (3.4) 
The results of a mechanical generation of the matrix [ICI are given in Table 1. 
These results correct and expand those published by Papoulis [3]. 
Since [ICI is triangular, the inversion is a simple and precise matter. Let 
[XC] be the inverse matrix of [ICI such that 
WI WI = FL (3.5) 
where [I] is the identity matrix. The matrix [XC] is given in Table 2. 
The Fourier coefficients, Ci , are now obtainable as 
{Cl = [XC1 w (3.6) 
When the coefficients Ci are found then the unknown function is evaluated 
from Eq. (6.9), Part I, as 
f(e) E 5 C, sin(2m - 1) 19. 
9?&=1 
The time behavior of the function is then obtained by the change of 
variables 
t = - $ln(cos e), (3.7) 
where 0 < 8 < 7~12. 
TABLE 1. MATRIX IC 
m/n I 2 3 4 5 6 7 
1 1 0 0 0 0 0 0 
2 1 1 0 0 0 0 0 
3 2 3 1 0 0 0 0 
4 5 9 5 1 0 0 0 
5 14 28 20 7 1 0 0 
6 42 90 75 35 9 1 0 
7 132 297 275 154 54 11 1 
8 429 1001 1001 637 273 77 13 
9 1430 3432 3640 2548 1260 440 104 
10 4862 11934 13260 9996 5508 2244 663 
11 16796 41990 48450 38760 23256 10659 3705 
12 58786 149226 177650 149226 95931 48279 19019 
13 208012 534888 653752 572033 389367 211508 92092 
14 742900 1931540 2414425 2187185 1562275 904475 427570 
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m/n 8 
1 0 
2 0 
3 0 
4 0 
5 0 
6 0 
7 0 
8 1 
9 15 
10 135 
11 950 
12 5775 
13 31878 
14 164450 
9 10 11 12 13 
0 0 0 0 0 
0 0 0 0 0 
0 0 0 0 0 
0 0 0 0 0 
0 0 0 0 0 
0 0 0 0 0 
0 0 0 0 0 
0 0 0 0 0 
1 0 0 0 0 
17 1 0 0 0 
170 19 1 0 0 
1309 209 21 1 0 
8602 1748 252 23 1 
50830 12350 2275 299 25 
14 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
1 
TABLE 2. MATRIX XC 
m/n 1 2 3 4 5 6 7 
1 1 0 0 0 0 0 0 
2 -1 1 0 0 0 0 0 
3 1 -3 1 0 0 0 0 
4 -1 6 -5 1 0 0 0 
5 1 -10 15 -7 1 0 0 
6 -1 15 -35 28 -9 1 0 
7 1 -21 70 -84 45 -11 1 
8 -1 28 -126 210 -165 66 -13 
9 1 -36 210 -462 495 -286 91 
10 -1 45 - 330 924 -1287 1001 -455 
11 1 -55 495 -1716 3003 - 3003 1820 
12 -1 66 -715 3003 -6435 8008 -6188 
13 1 -78 1001 - 5005 12870 - 19448 18564 
14 -1 91 - 1365 8008 -24310 43758 -50388 
mln 8 9 10 11 12 13 14 
1 0 0 0 0 0 0 0 
2 0 0 0 0 0 0 0 
3 0 0 0 0 0 0 0 
4 0 0 0 0 0 0 0 
5 0 0 0 0 0 0 0 
6 0 0 0 0 0 0 0 
7 0 0 0 0 0 0 0 
8 1 0 0 0 0 0 0 
9 -15 1 0 0 0 0 0 
10 120 -17 1 0 0 0 0 
11 -680 153 -19 1 0 0 0 
12 3060 -969 190 -21 1 0 0 
13 -11628 4845 -1330 231 -23 1 0 
14 38760 - 20349 7315 -1771 276 -25 1 
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Any use of numerical inversion schemes for the Laplace transform must 
be accompanied by a discussion of the instability attendant to the inversion 
process. While it can be shown that the Laplace transform process is a stable 
one for variations in the function of time Bellman [4] shows that in the inverse 
process small changes in f(K) can represent large changes in the character 
of f(t). This instability is well know-n and has been discussed in detail in 
Bellman [4]. By imposing certain restrictions on the class of functions to be 
treated a satisfactory numerical procedure for the inversion may be available. 
The discussion in this paper will be restricted to those functions of time 
whose “early” portions may be suitably represented by a Fourier series 
expansion in the variable 0 defined by 
The need for the restriction to the early portions of these functions of time 
can be illustrated by the following example. Let the function sin (t) be expres- 
sed in the variable 8, i.e., 
f(e) = sin [ - $ ln(cos O)] , 
and it can be seen thatf(8) becomes highly oscillatory for values of 6’ approach- 
ing n/2 corresponding to large values of time. High frequency components of 
the Fourier series expansion are necessary to accurately represent he function 
for moderate and large values of time. However, as shown by Bellman [4] 
it is these high frequency terms which cannot be retrieved by the numerical 
inversion of the Laplace transform. 
In the linear theory of elastic-wave propagation it is possible to have waves 
generated which are infinite in magnitude. Because of the previous restriction 
to functions with a Fourier series representation it will not be possible to 
reconstruct this type of behavior. However, this is not too restrictive as the 
singular wave does not occur physically due to plastic effects. Another type 
of behavior that can occur in the linear theory which cannot be expressed in a 
Fourier series is a function with equal limiting values from both sides of a 
point but a finite discontinuity at that point. However, since the Laplace 
transform of this function is the same as that of the function without the 
discontinuity no additional restriction has been imposed. Under these 
conditions the method of numerically inverting the Laplace transform as 
presented by Papoulis [3] is satisfactory. 
The following two examples are given to illustrate some of the necessary 
numerical considerations as well as to lend confidence to the inversion 
procedure. Known functions of time with known Laplace transforms are 
used, 
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The first example takes f(t) = sin t as the known function which has as 
its Laplace transform 
1 
YP(sin t} = - . 
1 + k2 
(3.10) 
The results of the inversion are compared tof(t) in Fig. 2 for twelve terms 
in the Fourier expansion. 
The second example is for f(t) = (CT/~) e-“.2t sin (t), the same function 
that was inverted by Papoulis [3]. This function has as its Laplace transform 
I 1 0’2t sin(t) = $ 1 + (k + o.2)2 - (3.11) 
The results of the inversion are shown in Fig. 3 for ten terms in the Fourier 
expansion. 
Time 
FIG. 2. Numerical inversion of Laplace transform -I. 
,--. 
,A5 x, 
3: 
: Time 
".lO. 
0 b = 0.10 
+ b = 0.20 
FIG. 3. Numerical inversion of Laplace transform - II. 
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Calculations of the Fourier coefficients indicated that the coefficients 
converged up to some number of terms but then rapidly diverged. This 
divergence is caused by inaccuracies in fm , Eq. (3.2), combined with the 
large size of terms in matrix [XC] for large values of m. Fortunately matrix 
[XC] is triangular and earlier Fourier coefficients are not effected by the later 
ones and the effect of this divergence is to limit the truncation number M in 
Eq. (3.3). 
Since the truncation number M has a practical upper bound, the range of 
k along the real positive k axis is controlled by the value of b, Eq. (3.1). 
The most accurate development of the transient response will be obtained by 
choosing b large enough such that the maximum total variation in the trans- 
formed function is utilized. However, by choosing b large the range of t for 
which the results are accurate is restricted. The inaccuracy of thef(8) for 
6 -+ rr/2 previously discussed is also reflected by the sensitivity between bt 
and 0 as seen from 
d(bt) z tan MB, (3.12) 
a relation which becomes unstable for small variations in 13 as 0 + n/2. 
Therefore a practical limit to 0 should be assumed and for the present work 
e - E 70” has been used. The results of the present study have been given 
at equal increments of 0 to emphasize the accuracy of the “early” portions 
of the curves. Thus, from Eq. (3.8), it can be seen that the maximum value 
of time that may be used varies inversely with the value of b. In the examples 
in Figs. 2 and 3, b was chosen such that approximately 90 o/o of the total 
variation j(k) was utilized. 
4. NUMERICAL RESULTS FOR THE LOADED HALF-PLANE 
The problem of a uniform normal stress applied to one-half the surface 
of the half-plane as a step-function in time has been solved by Craggs [5]. 
His results include the normal velocity of the material under the load as well as 
the character of the wave front propagating into the material with speed C, . 
A problem closely related to Craggs’s problem has been solved according to 
the procedures outlined in the preceding discussions. 
The region solved is the half-plane with twenty-one nodes at equal spacing 
2AR on the surface. The loading is taken to be a uniform compressive stress 
on a width of 2AR symmetric about the center node and zero elsewhere as 
indicated in Fig. 4. The loading is applied as a step function in time as given 
by 
t&z) = - ps&qt - 0) ?z= 11, 
t&f) = 0 nf 11, (4.1) 
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FIG. 4. Solution points for the half-plane problem. 
which has as its Laplace transform 
i&z) = - p&, ($) n = 1 I 
i&z) = 0 n# 11. (4.2) 
By assuming that the loading is localized the half-plane problem becomes 
accessible to numerical solution. This is due to the fact that the wave fronts 
generated by the disturbance are realized in the transform space as multipliers 
of the form e-kr*lC, where r* is the distance from the disturbance and C is 
the speed of the propagating wave front. Because of the negative exponential 
factors it can be assumed that the magnitudes of the unknown surface 
quantities become negligible at sufficient distance from the disturbance. 
This, of course, imposes an additional requirement on b for a given number of 
nodes. The criterion used has been to require that exp(- br$&/C,) < 10-6. 
For the half-plane problem it can be verified that 
API,, = Ap2,,, = AQ,, = A& = 0. (4.3) 
By using these results and by rearranging Eq. (2.9) the approximate matrix 
form of the integral equation becomes 
WI W = @I> (4.4) 
where 
[AQ] = [zl iA&] . (4.5) 
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The unknown boundary displacements are then obtained by multiplying 
both sides of Eq. (4.4) by the inverse of the matrix [dp]. This inversion was 
done by standard procedures and the matrix conditioning was such that 
single-precision calculations were sufficient. Since dS = dr, the integrals 
in Eqs. (2.3) and (2.4) were carried out exactly when possible and the modi- 
fied Bessel functions were evaluated using the approximations found in 
Abramowitz and Stegun [6]. 
Results found for the five solution points designated in Fig. 4 are shown in 
in Fig. 5 for the normal displacement component ua and in Fig. 6 through 8 
for the stress component 02a . The interior values of the transformed displace- 
ments and stresses were obtained using a Simpson integration scheme for 
Eqs. (4.3) and (4.4) of Part I. The portions of the behavior of ua and u2a at 
the solution points obtained from Craggs [5] for the semi-infinite load which 
are applicable to the finite load problem are indicated by the dashed lines 
in the solution plots. The letters P and R denote the arrival at the solution 
point of primary or surface waves. 
Time (sec.) 
0 
5. 
30. 
35. 
-. 
lo6 
-. 
1 = p = psi 
C, = 3.27 x lo4 ips 
0 'A. 
Craggs' 
C- = 1.86 x lo4 iD5 0 
Solution 
Ci = 1.71 X lo4 ips 0 
b =5. 0, -1 
AR = 3000. inches 
FIG. 5. Half-plane solution - Displacements u2 . 
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FIG. 6. Half-plane solution - interior stresses oze . 
Craggs determined that when the region outside ABEF is initially quiet 
and stress-free, a jump in the normal stress component and in the normal 
velocity component occur at the surface BE. The values of these terms in the 
region BCDE are given by 
1 
l&=-p 
PC1 
(4.6) 
and 
%a = -P, (4.7) 
where c, is the velocity of surface BE. No deviation from the above values 
is found until the passage of the surfaces ABC and DEF through the point. 
Craggs further found that only a slight change in the velocity of the surface 
point occurs until the passage of a surface wave generated at the edge of the 
load travelling at the Rayleigh wave speed. Thus very close agreement in 
the displacement of the surface point is found until the passage of this 
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surface wave. At this time it is to be expected that the solutions would no 
longer agree since the actual problem being solved has only a finite length 
of surface being loaded. The displacements at the interior nodes are also 
indicated in Fig. 5 with the initially constant-velocity solution indicated by 
the dashed lines starting at the time predicted by the arrival of a wave leaving 
the surface with a velocity of ci . The ends of the constant velocity period are 
indicated by a P for each point denoting the arrival of surface DEF. Note 
that for point 4 the surfaces BE and DEF arrive at the same time and therefore 
there is no period of constant velocity. Since the displacement solution in 
two dimensions is inherently unbounded, no asymptotic solution can be 
expected and none is indicated. 
The stress component usa at the interior points was found in three ways. 
In Fig. 6 the solutions for the stresses at the solution points are given in 
terms of Fourier expansions with t = 0 taken as the origin. The solutions 
predicted by Craggs [5] are again indicated by the dashed lines with P’s 
denoting the time for the end of constant behavior. Since waves BE and DEF 
Time (set) 
0 .lO .20 .30 
0 
- 2. 
- 4. 
.- 
m 
I 
- 2 6. 
b 
: 
z 
t! - 8. 
sl 
; 
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P -10. 
-12. 
- , I”. . r 
I I 
I I 
I I I I I I I 
I 
I I I+ I 
I+ I I+ +* +++++++l ’ +*t-+ ,+tt++ + I I I o%, 
IF I 
I 
xx 
I 
0 0 
I I 
I x I 
0 
+ + + 
FIG. 7. Half-plane solution - interior stresses oz2 . 
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FIG. 8. Half-plane solution - interior stresses a88 .
arrive at the same time at point 4 the duration of the jump in uaa to -p 
is of zero length. For the reasons given in the previous section this type of 
behavior is not recorded by the solution method used in this paper. The 
existence of the wave fronts is indicated by the results in Fig. 6 but not 
conclusively. Therefore, knowing the half-plane to be stress free until the 
arrival of wave BE the transformed stresses were multiplied by exp(+ kt*) 
where t* is the time for the arrival of BE at the point. This is equivalent to 
shifting the origin of the time axis to t *. The results for new solutions 
generated at t* for the origin are indicated in Fig. ‘?. Since the Fourier expan- 
sion has been taken for functions that are zero at the origin the Gibb’s 
phenomenon is found. To eliminate the nonuniform convergence at the 
origin a constant amount of - p/K was subtracted from the transformed stress 
components and a new solution was developed. These results are given in 
Fig. 8 and include the expected static value of the stress at each of the points, 
these values being finite. 
The use of numerical solutions for the integral equations with a numerical 
inversion of the Laplace transform is justified by the results indicated. 
Although the half-plane was chosen as an example, the extension to multiply- 
connected finite regions involves no additional complications. Once the 
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matrices [iii] and [&I are obtained for a region any boundary value problem 
for that region may be solved rapidly. The solution state at the interior of 
the body does not involve any approximations beyond the numerical integra- 
tion of the boundary data. The formulation presented in this paper offers a 
general yet easily applied method for the solution of a broad class of problems 
in elastodynamics. 
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